Abstract. We study finite p-groups G of coclass upto 4 for which the group Autz(G) of all central automorphisms of G is of minimal possible order. As a consequence, we obtain very short and elementary proofs of main results of Sharma and Gumber [7] .
Lemma 1.1 Let G be a finite non-abelian p-group such that Aut z (G) = Z(Inn(G)). Then Z(G) ≤ G ′ and Z(Inn(G)) is not cyclic.
Lemma 1.2 Let G be a (not necessarily finite) group with center Z(G) and second center Z 2 (G), A an abelian normal subgroup of G with Z(G) ≤ A ≤ Z 2 (G). Then A/Z(G) embeds in Hom(G/A, Z(G)).
The next lemma is also of our interest and can be proved using similar arguments as in [2, Lemma 3] .
Lemma 1.3 Let G be any group and Y be a central subgroup of G contained in a normal subgroup X of G. Then the group of all automorphisms of G that induce the identity on both X and G/Y is isomorphic to
C p β i be the decompositions of G/G ′ and Z 2 (G)/Z(G) into cyclic groups, where for each i, α i ≥ α i+1 and
Conversely, since Z(G) is cyclic, G is purely non-abelian and therefore
It is now easy to see, using the hypotheses, that
Let G be a finite p-group of order p n and coclass ≤ 4 such that Aut
It is easy to show that Z(G) is cyclic in each case and hence we obtain the following three corollaries.
Thus α i ≥ γ 1 and β i = γ 1 = 1 for all i. The result now follows by theorem.
Using similar arguments, we can prove the following corollary.
Corollary 2.4 Let G be a finite p-group of coclass 4. Then Aut z (G) = Z(Inn(G)) if and only if one of the followings holds:
Proof. It is not very hard to see that if any of the three conditions hold, then Aut z (G) = Z(Inn(G)). Conversely, we prove only part (b), because the other two can be proved using the arguments as in Corollary 2.2. Observe that
3 Groups of order upto p 7 . As a consequence of the results proved in last section, we now characterize all finite p-groups G of order upto p 7 for which Aut z (G) = Z(Inn(G)). Proofs are easy, short and even generalize the main results of Sharma and Gumber [7] . The first theorem follows immediately from Corollary 2.2. 
Proof. If cl(G) = 4, then the result follows by Corollary 2.2. Therefore suppose that
by Corollary 2.3. We rule out two possibilities to get the result. First suppose that Z(G) ≃ C p 2 . Then G/Z(G) is a group of order p 4 and nilpotency class 2. It follows that |Z 2 (G)| = p 4 and |G ′ | = p 3 , and hence G/G ′ and 
Proof. If G is of nilpotency class 4 (resp. 5), then the result follows from Corollary 2.3 (resp. 2.2). Therefore suppose that cl(G) = 3. Then, by Corollary 2.4, we get the possibilities (a), (b) and (c) for G. For the final result, we rule out the possibilities (b) and (c).
′ . Then, as in above theorem, G/G ′ is not isomorphic to Z 2 (G)/Z(G). Now suppose that Z(G) ≃ C p 2 and Z 2 (G)/Z(G) ≃ G/G ′ ≃ C p × C p . Then |G ′ | = p 5 > p 4 = |Z 2 (G)|, which is a contradiction to cl(G) = 3. Next suppose that Z 2 (G)/Z(G) ≃ G/G ′ ≃ C p × C p × C p . Since G ′ ≤ Z(Z 2 (G)), Z 2 (G) is abelian and we get a contradiction by Lemma 1.2. Finally suppose that Z 2 (G)/Z(G) ≃ C 2 p × C p . Then Z 2 (G) = x, y, Z(G) , where x and y have orders p and p 2 modulo Z(G). Since x p ∈ Z(G) and y ∈ Φ(G) = Z 2 (G), Z 2 (G) is abelian and again we get a contradiction by Lemma 1.2. This proves the theorem.
